A quantum homogeneous space of a Hopf algebra is a right coideal subalgebra over which the Hopf algebra is faithfully flat. It is shown that the Auslander-Gorenstein property of a Hopf algebra is inherited by its quantum homogeneous spaces. are classified and all of them are proved to be Auslander-regular, AS-regular and Cohen-Macaulay.
Introduction
As is well known, there exists an anti-equivalence between the category of affine algebraic groups and the category of affine reduced commutative Hopf algebras. Suppose H is a Hopf algebra corresponding to an affine algebraic group G over a field k, namely, H = k [G] is the coordinate ring of G. If B is a right coideal affine subalgebra of H , then B (resp. B ⊗ H ) corresponds to an affine variety X of G (resp. the product X × G). So : B → B ⊗ H defines a group action X × G → X of G on X . If further, B ⊆ H is a faithfully flat extension, then the action is transitive and X ∼ = K \ G for a closed subgroup K ⊆ G. In this case, X is a homogeneous space of G. For a general Hopf algebra H , one formally associates a "quantum group" G to H such that H is imaginary as the "coordinate ring" of G. Parallel to the homogeneous spaces, the so-called quantum homogeneous spaces are defined to be a class of formal quotient objects of quantum groups. Quantum groups are identified with their "coordinate rings"-Hopf algebras, quantum homogeneous spaces are identified as the right coideal subalgebras of Hopf algebras which are faithfully flat extensions.
In the past few years many examples of quantum homogeneous spaces have been constructed.
Podleś [Po] found a (continuously parameterized) family of SU q (2)-spaces which are analogous to the classical 2-sphere SU(2)/SO(2). Dijkhuizen and Koornwinder [DK] characterized them as infinitesimal invariants. They were proved to be quantum homogeneous spaces later by Müller and Schneider [MS] . Meanwhile, the relations between quantum homogeneous spaces and Hopf algebras are investigated in detail. Some conclusions about Hopf subalgebras are still valid for quantum homogeneous spaces (see [Ta,MW] , etc.).
In this paper, we study the homological properties of quantum homogeneous spaces, such as, the relations between the injective, global and Hochschild cohomological dimensions of Hopf algebras and those of their quantum homogeneous spaces, the Auslander-Gorenstein property, AS-Gorenstein property and rigid Gorenstein property. Brown and Zhang proved that any AS-Gorenstein Hopf algebra is rigid Gorenstein [BZ, Proposition 4 .4]. Krähmer described the dualizing modules for the AS-Gorenstein quantum homogeneous spaces B such that H B + = B + H [Kr] . However, H B + = B + H does not hold in general. Their work motivates our work in this paper. We prove that the rigid dualizing complexes exist for quantum homogeneous spaces under certain conditions (Theorem 3.6).
Theorem 0.1. Let H be a noetherian, pointed Hopf algebra with bijective antipode, B a quantum homogeneous space of H . If B is AS-Gorenstein with injective dimension d, then
(1) B is rigid Gorenstein and there exists some group-like element g ∈ H so that ν = ad(g) • S
• Ξ [τ ] is the Nakayama automorphism of B, where ad(g) is the inner automorphism associated to g and Ξ [τ ] is the algebra map determined by the left integral of B. (2) The rigid dualizing complex of B is ν B[d].
We add the condition that H is pointed to ensure that group-like elements in the quotient coalgebras of H could be lifted to H (see the proof of Theorem 3.6 and Lemma 3.9). The quantized enveloping algebra U q (sl n+1 ) is a typical pointed Hopf algebra. Kharchenko and Lara Sagahon [KhS] classified the right coideal subalgebras in U q (sl n+1 ) which contain all group-like elements. These subalgebras are quantum homogeneous spaces. We classify all the quantum homogeneous spaces of U q (sl 2 ) in general, and prove (Theorems 5.3 and 5.4):
Theorem 0.2. Any quantum homogeneous space of U q (sl 2 ) is Auslander-regular, AS-regular and Cohen-

Macaulay.
As a result, every quantum homogeneous space of U q (sl 2 ) has a rigid dualizing complex, and the Nakayama automorphisms of these spaces are given in the table at the end of the paper.
The paper is organized as follows. In Section 1, we give the definition of quantum homogeneous spaces and some examples. In Section 2, we study the injective, global and Hochschild cohomological dimensions of quantum homogeneous spaces. We prove that the Auslander-Gorenstein property can be inherited from the Hopf algebra to its quantum homogeneous spaces. In Section 3, we prove that the AS-Gorenstein quantum homogeneous space is rigid Gorenstein under the liftable condition (see Lemma 3.9) and describe its Nakayama automorphism. As a consequence, the Poincaré duality holds for such a quantum homogeneous space. In Section 4, we give a sufficient condition under which the quantum homogeneous space is AS-Gorenstein. In Section 5, we classify the quantum homogeneous spaces of the quantized enveloping algebra U q (sl 2 ), use the results obtained to verify their homological properties, such as AS-regularity, Auslander-regularity, Cohen-Macaulay property, and describe their Nakayama automorphisms.
Definition and examples
Throughout, k is a field and all algebras (resp. coalgebras) are k-algebras (resp. k-coalgebras). Unadorned ⊗ means ⊗ k and Hom means Hom k . For the definitions related to Hopf algebras we refer to [Mo,Sw] 
Dimensions of quantum homogeneous spaces
First of all, we list some homological definitions here.
Definition 2.1. Let A be an algebra.
(1) The grade of a left or right A-module M is 
the right A-module version of (1) and (2) holds.
If further, A has finite global dimension, then A is called AS-regular.
Injective dimension
It was proved by Larson and Sweedler [LS] that any finite-dimensional Hopf algebra is Frobenius. Any quantum homogeneous space of a finite-dimensional Hopf algebra is also Frobenius (see [Ma2, Sk] ). A Frobenius algebra is Auslander-Gorenstein of injective dimension 0. Generally, we may ask whether the quantum homogeneous space B always has finite injective dimension (resp. satisfies the Auslander condition) if H has finite injective dimension (resp. satisfies the Auslander condition). 
Analogous to the general Hopf algebra case, there is a natural adjoint isomorphism
If M is a projective B-module, then it follows from the above adjoint isomorphism that M ⊗ N is a
is an injective B-module for any N. These remarks imply immediately: Proof. There is a left B-module M with proj. 
Proposition 2.4. For any B-modules M, L, any H -module N and any
Then, by Lemma 2.5, l.gl
This is a partial generalization of Lorenz and Lorenz's result [LL, Section 2.4] . We don't know whether it is always true that l.gl.dim B = proj.dim B k. 
Hochschild cohomological dimension
Remark 2.9. In general, B is not necessarily a B-bimodule direct summand of H . However, in some cases (see Section 5), there is a Hopf subalgebra H ⊆ H such that B is a quantum homogeneous space of H as well as a B-bimodule direct summand of H .
AS-Gorenstein algebras and dualizing complexes
Homological integrals
Homological integrals of AS-Gorenstein Hopf algebras were introduced by Lu, Zhang and the second author [LWZ, Definition 1.1], as a generalization of the classical integrals of finite-dimensional Hopf algebras. For any AS-Gorenstein algebra, we may define homological integral similarly.
Definition 3.1. Let A be an AS-Gorenstein algebra of injective dimension d.
Sometimes, we use "integral" instead of "homological integral".
In general, l A
has an A-bimodule structure. The left A-action is trivial, while the right A-action induced from the right A-module structure of A determines a character τ :
Suppose that B is a quantum homogeneous space of a Hopf algebra H . Any character θ : B → k determines an algebra map Ξ [θ] : B → A which is defined to be
is an injective algebra map by [Kr, Corollary 4] .
Remark 3.2. In the Hopf algebra case, Ξ [θ] is an automorphism of H , which is called the left winding automorphism of H determined by the character θ . The right winding automorphism determined by the character θ is defined similarly, sending h to θ(h (2) )h (1) . The definition of the right winding automorphism fails for the quantum homogeneous space B because we only have (B) ⊆ B ⊗ H .
Dualizing complexes
The non-commutative version of the dualizing complex was introduced by Yekutieli in [Ye] , and has now become one of the standard homological tools in non-commutative ring theory. Let A be an algebra and let D (1) R has finite injective dimension over A and over A op respectively.
(2) R is homologically finite over A and over A op respectively.
, where the A e -structure on the right-hand side is induced by the inner action. 
Definition 3.5. Let A be an algebra with finite injective dimension d.
(1) A is called rigid Gorenstein if there is an algebra automorphism ν such that
(2) The automorphism ν is called the Nakayama automorphism of A.
Brown and Zhang showed that AS-Gorenstein Hopf algebras are rigid Gorenstein [BZ, Proposition 4.5] . We generalize it to the quantum homogeneous space case. Let {N β | β ∈ T } be the family of all finitely generated B e -submodules of N. We have the following
Notice that j α is an embedding, so By Claim 1, there is a short exact sequence 
Proof. If B is smooth, then it is proved in [Kr, Lemma 7 and Theorem 7] . In his proof, the smooth condition can be replaced by "B admits a finitely generated B e -projective resolution", which follows 
.
Since A is noetherian, we have σ (x)y = 1 and xτ (y) = 1.
On the other hand, 
By Theorem 3.6 and Lemma 3.7, we can establish the Poincaré duality for quantum homogeneous spaces. Let H be the Hopf algebra over a field k of characteristic not 2, with two generators x and y satisfying x 2 = 1, xy = −yx.
Corollary 3.12. Let H be a noetherian, pointed Hopf algebra, B a quantum homogeneous space of H . If B is AS-Gorenstein with injective dimension d and has finite Hochschild cohomological dimension
The Hopf algebra structure of H is given by
is a quantum homogeneous space of H .
In this example, ω ∼ = B and
σ is not the identity map.
In fact, the reason it happens is that the Nakayama automorphism of H is only unique up to inner automorphism. We may modify σ by an inner automorphism of H . Besides id H , ad(x) is another inner automorphism of H . If we take the Nakayama automorphism to be ad(x) • σ , then it identifies with the identity map of B as we want. In this example, the group-like element g in Theorem 3.6 is x.
More generally, for any m, n ∈ N, n 2 and 0 < m < n, let H be the Hopf algebra with two generators x and y satisfying
where n cannot be divided by the characteristic of k, and ξ is an nth primitive root of unity. The Hopf algebra structure of H is given by
For any fixed u ∈ k, B = k[ y + ux m ] is a quantum homogeneous space of H . The corresponding grouplike element g in Theorem 3.6 is x n−m .
A criterion for the AS-Gorenstein property
Since S(H B + ) = B + H [MS, Lemma 1.4], the antipode S induces an anti-isomorphism of coalgebras H → H . If H is finitely generated over B as a left and also as a right module, then
The normal basis property plays an important role in the theory of Hopf-Galois extensions. In fact, if H B + = B + H , the quotient H = H is a Hopf algebra and B ⊆ H is a left H -Galois extension.
Inspired by Kreimer and Takeuchi [KT] and Schneider [Sch] (see [Mo, Theorem 3.3 
Next, we give a sufficient condition for a quantum homogeneous space to be AS-Gorenstein.
Lemma 4.2. Let B ⊆ H be a quantum homogeneous space and i 0 an integer.
(1) The following conditions are equivalent:
(
2) Ext i B (−, B) is exact on finite-dimensional H -modules.
Proof. The proof is similar to that of [WZ, Lemma 3.4 
Compare the k-dimensions of both sides and we have 
Applications to U q (sl 2 )
Let k be the complex number field C and let q ∈ C \ {0} be not a root of unity from now on. The quantized enveloping algebra U = U q (sl 2 ) (see [BG,Ka] , etc.) is a k-algebra with generators E, F , K ,
U is a Hopf algebra endowed with the comultiplication , the counit ε and the antipode S defined below,
is a PBW-basis for U . We call l + n the height of
We shall use the notations
The q-binomial coefficient is defined as
The comultiplication on the basis elements is
(5.1) Kharchenko and Lara Sagahon [KhS] classified the right coideal subalgebras in U q (sl n+1 ) which contain all group-like elements. These subalgebras are quantum homogeneous spaces. We classify the quantum homogeneous spaces of U = U q (sl 2 ) in general, and study their homological properties in the following. Besides the trivial quantum homogeneous spaces: the ground field k and U itself, any subalgebra
, is a quantum homogeneous space of U . Now let B be a quantum homogeneous space of U which is not of the above forms.
First of all, there exists t ∈ N such that the set of all group-like elements G(B) in B is {K nt | n ∈ Z}.
Notice that an element in B is invertible in H , then it is invertible in B for any quantum homogeneous
Suppose first l 1 and n 1. Then by (5.1),
where b r = 0 and X r ∈ V with the heights less than l + n − 1. Since (B) ⊆ B ⊗ U , we obtain K l +m ∈ B for all m . For every fixed m , if there exists a l ,m ,n = 0
Notice that
Similarly, there exists γ m ∈ k such that F + γ m K −1 ∈ B.
is an element in B which is 0 or of degree less than (l + n , l ).
In the case that l = 0 or n = 0, by the same discussion, (5.2) is still 0 or an element in B of degree less than (l + n , l ).
By induction on the degree, we conclude the following Proposition 5.1. Any non-trivial quantum homogeneous space B of U can be generated by K ±t for some t ∈ N and several elements of the form
where α, β ∈ k are not zero simultaneously.
Next, we list the possible forms of the quantum homogeneous spaces of U .
Case 1. t 1 and there exists an element of the form (5.3) in B with neither α nor β to be zero.
We have
Combining with
Since B is non-trivial, δ = δ = 0.
And since 
Without loss of generality, assume the matrix is a unit matrix, namely,
It follows that 
Immediately, we conclude (γ − λγ )K −1 ∈ B, and so γ = λγ . Therefore, B = k αE K −1 + β F + γ K −1 . But we prefer choosing the generator as αE
In order to show that these B's are quantum homogeneous spaces, we have to check faithful flatness. Since U is pointed and B ∩ Corad(U ) = k [G(B) ], the extension B ⊆ U has the normal basis property and U is faithfully flat over B [Ma1, Theorem 1.3] . In summary, we have Theorem 5.2.
(1) Any non-trivial quantum homogeneous space of U is of the following form. 
The algebras B 1 (1), B 2 (1), B 3 (1) and U itself are in the list of Kharchenko and Lara Sagahon's classification [KhS] . They are Hopf subalgebras of U . At this moment, we could not classify all the quantum homogeneous spaces of U q (sl n+1 ).
The algebra B 5 (γ , γ ) is closely related to the quantum disc which features prominently in the theory of quantum bounded symmetric domains [Vak] .
Next we study the homological properties of these quantum homogeneous spaces. Clearly, B 1 (t) is an abelian group algebra with Hcdim B 1 (t) = gl.dim B 1 (t) = 1, and
As for B 2 (t), we know E K −1 is a normal, regular element of B 2 (t) and
where the character τ : 
where the character τ : B 3 (t) → k is defined to be τ (F ) = 0 and τ (K t 
We denote B 5 (γ , γ ) by B and its generators E K −1 + γ K −1 and F + γ K −1 by X and Y lest the expressions are too long. The augmentation map ε sends X , Y to γ , γ , respectively. The generating relation could be rewritten as
We obtain a complex of left B-modules
are also basis for B (see [Kha] ). By induction on n ∈ N + , one can show that there exist r 1 , r 2 , . . . , r n ∈ k, such that It follows from the fact that U is AS-Gorenstein [Ch, Proposition 3.2.1] and finitely generated over B 6 (Corollary 4.6) that B 6 is AS-Gorenstein of injective dimension 3. Since B 6 is a direct summand of U as a B 6 -bimodule, by Proposition 2.8, Hcdim B 6 = gl.dim B 6 = 3. And further, by [Ch, Proposition 3 Since U = 1 · B 6 ⊕ K · B 6 , U = U /U B + 6 = 1 · k ⊕ K · k. Let 1 * , K * be the dual basis for U * . Suppose u : k τ ⊗ B 6 U → U * is the isomorphism in (4.2) and u(1 ⊗ 1) = α1 * + β K * = 0. For any γ , δ ∈ k, we have 
3 1
and, on the other hand,
If we take γ and δ so that αγ + βδ = 1, then we have τ (E K −1 ) = 0. Similarly, we have τ (F ) = 0 and τ (K ±2 ) = 1.
The verification of the right AS-regularity of B is similar. Thus we have It follows from Theorem 3.6 that all the quantum homogeneous spaces of U are rigid Gorenstein. More precisely, their homological information is given in Table 1. 
